Introduction
For a measure space (íí, E,fi) denote by S -S(ü, £,//) the linear space of all ¡¿-integrable simple functions x : Q, •-»• R, and by S + = S + (íl, £,/f) the set of all nonnegative x 6 S(fl, It is easy to see that for an arbitrary bijection 4> ' • (0, oo) (0, oo) the functional p^ : S [0, oo) given by where Q(x) := {u G ft : x(u) ^ 0}, is correctly defined i.e. for every x 6 E, fi) the function (j>o\x\ is E-measurable and the integral (f>o\x\dfi is finite (cf. [4] , Remark 5) . Note that for 4>{t) := 4>(l)t p , t > 0, where p 6 R \ {0} is arbitrary and fixed, we have For p > 1 the functional p^ becomes the L p -norm. So, for p > 1 we have the Minkowski inequality and for p < 1, p ^ 0, the reversed "companion inequality"
p^x + y) > p<f,(x) + p^y), X,y6
It is well known that, in each of these inequalities, the equality occurs if, and only if, the functions x and y are positively proportional, i.e. there is a t > 0 such that y = tx (// -a.e.). It turns out that this fact allows to characterize the L p -norm. We shall prove that if, for a class of measure spaces, a bijection <j ) : (0, oo) (0, oo) satisfies the condition, (*) p 0 (z + tx) = p^x) + p^tx), x e S(Sl, S, n), t > 0, then the function xjj(t) := <f>(t)/<f>( 1), t > 0, is multiplicative. Hence, under some weak regularity conditions, tp must be a power function. Since the condition (*) is an obvious consequence of the positive homogeneity of the functional p p^tx) = t P4> (x), x e s, n), t > o, one of the results of this paper (Theorem 2) implies some characterizations of the L p -norms given by Zaanen [6] , Wnuk [5] , and J. Matkowski [2] .
Auxiliary results
Remark 1. Suppose that /i(ii) > 0 and take an arbitrary x 6 S + such that fi(il(x)) > 0.
Then there exist pairwise disjoint sets Ai,...,A n 6 S, of finite and positive measure, and x\,..., x n > 0, such that Replacing a by 6, we have
Composing separately the functions on the left and on the right-hand sides of the above equations gives
On the other hand we also have
and, consequently,
It follows that m is bijective, and consequently, the inverse function m -1 :
»>0, is multiplicative. Thus the function tp is multiplicative. Suppose that is multiplicative. Then the inverse function tp -1 ,
is multiplicative. Consequently, for a fixed and arbitrary a > 0, and for all s, t > 0, we have
which completes the proof.
Some results for the case when the union of of ranges of the admitted measures contains (0, oo)
We begin with the following 
4°. there is a family of measure spaces ((i),, such that (0,oo)c (J Aii(Si). iei and, /or every i G I,
Proof. First note that ifr is bijective, and, for all x G S we have
Suppose now that condition 1° is fulfilled, i.e. that ip is multiplicative. Then, clearly, V -1 i s multiplicative. If (ft,£,//) is an arbitrary measure space, we have for all i > 0 and a; G S(ft, S,/i),
which shows that condition 1° implies 2°. Suppose condition 2°. Then, for all t > 0 and x £ 5+(ft, S,/x),
= P*(s) + tPt(x) = P*(®) + P0(i«).
i.e. the condition 3 holds true.
The implication "3° =>• 4°" is obvious. Suppose that condition 4° holds true. Take an arbitrary a > 0. Then there exist i € I, and A £ Hi such that a = Hi{A). Let 5 > 0 be arbitrary. Since x := s\A G S(il, S, /i)+(fti, S,, /¿¿), we have 
Proof. Put a := fi(A), b := fJ,(B)
. Taking x = sx A and replacing t by in (1) gives
Thus there is a constant a > 0 such that cf)
In the same way one can show that there is a (3 > 0 such that 
+ tu) + b<f>(v + tv)] = <f>~l[a4>(u) + b<j>(v)] + (f)' 1 [a<j>{tu) + b<j>{tv)].
Making use of (2) and (3) for all t, u, v > 0. We shall prove that for every k 6 N,
This relation is obvious for k = 1. Suppose it is true for a k 6 N. Then, taking t = k in (4) gives
and, by induction, (5) ) is additive, and consequently, linear. In particular, for k = 2, and k = 3 there are 7 > 0, 7 1, and 8 > 0, 6 ^ 1, such that
It follows that <f > satisfies the simultaneous system of the functional equations
Since log 3/ log 2 is irrational, the continuity of <f > at least at one point implies that (f>(u) = 0(l)u p , u > 0, for some p £ R (cf. [1] ). Similarly, the function satisfies the simultaneous system of functional equations 0-1 ( 7 u) = 20~1(u),
Again, since log 3/log 2 is irrational, the continuity of <j>~1 at least at one point implies that, up to a factor, 0 is a power function (cf. [1] ). This completes the proof. Since 7(a -1 u) = ~f{u),u > 0, we can assume, without any loss of generality that a 6 (0,1). From (8) we have 7(«) = 7(O"m), U > 0, n € N.
Hence, letting n 00, by (9) we get 7(u) = c for all u > 0, and by the definition of 7, <j>(u) = cu p , for all u > 0. In the remaining case the proof is similar.
